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Let E be a Lebesgue measurable subset of R1 and let x,, be a point of 
density of E. There are two definitions for the approximate limit 1 at x,, of a 
measurable function f : E + i? (= [- co, co]). According to Denjoy I is 
the unique real number such that, for every E > 0, the set 
has x0 as a point of density. The Khintchine definition stipulates the existence 
of a measurable subset C of E which has x,, as a point of density and is such 
that 
f(x)-+ 1 as x + x0 in C. 
The equivalence of these two definitions is asserted (without proof) in a 
footnote to [l]. 
There are well known definitions of the Denjoy type for approximate 
upper and lower limits (e.g., in [2]). The purpose of this note is to exhibit 
corresponding definitions of the Khintchine form. The equivalence of the 
two definitions of approximate limit will then appear as a corollary. For the 
sake of completeness we begin with a brief review of the Denjoy approximate 
upper and lower limits. 
We suppose that the function f : E + i? (where E C R1) is measurable 
and that x0 is a point of density of E. Let A, B be measurable subsets of E 
which have x,, as a point of density. We denote by U, the set of y E i? for 
which the set A, = {x E A : f (x) > y} h as x0 as a point of dispersion, and we 
define U, in the same way. Then U, = U, . To see this we first note that x0 
is a point of density of A n B and that A, > (A n B)2,, so that U, C U,,, . 
Next, lety E U,,, , so that x0 is a point of dispersion of (A n B), = A, n B. 
Since x,, is also a point of dispersion of B’ (= R1\B) and so of A, n B’, it 
follows that xr, is a point of dispersion of A, . Thus y E U, and U,,, C U, . 
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Hence LTA L’,,, =-- U, . It follows that the approximate upper limit ofj‘ 
at x,, is uniquely defined by 
lim sup apf(x) = inf UA , 
s+*() 
where A is any measurable subset of E which has x,, as a point of density. 
Similarly 
lim inf apt(x) = sup LA , 
x+.x0 
where L, is the set of y for which the set {x E A : f(x) < y} has x,, as a 
point of dispersion. 
For any measurable subset A of E which has x,, as a point of density there 
are the relations 
&-I li,nfif(x) < lim inf apf(x) < lim sup apf(x) < lim sup f(x). 
0 x+.x0 .%+x0 x-w0 III A 
We consider the right hand inequality. If 
(1) 
there is nothing to prove; while if K < co it is only necessary to note that, 
when y > K, then x0 is a point of dispersion of the set {x E A :f(x) > y}, 
so that (K, co] C VA . The central inequality, which is not needed for the 
proof of the main result, is most easily deduced from it (Corollary 1). 
THEOREM. Let the function f : E--f R be measurable, let x0 be a point of 
density of E and denote by & the class of all measurable subsets of E which have 
x,, as a point of density. Then 
lim sup ap f (x) = inf (lim sup f (x)), (2) 
x%?+) A.sd x-q, in A 
lim inf ap f (x) = sup( lim inf f(x)), 
X’EO Aed x+x,, in A 
(3) 
and there exists a set C E J&’ such that 
:Ji. :;fo f (x) = lim inf ap f (x) and lim sup f(x) = lim sup ap f (x). 
0 .%+x0 x+x, in C x+x0 
(4) 
Proof. (i) Put lim sup ap f (x) = A. By (l), 
wq) 
A <i&c:+; ;,UAPfW. (5) 
0 
m(‘% fT lx0 9 Xo + hl) --t 1 - 
Ihl 
as A---f o 
(where m(.) denotes Lebesgue measure), there exists 8, > 0 such that 
4% n ho, xo + 4) > U - l/4 I h I whenever 0 <: j h I < S, 
Let (h,) be a sequence of positive numbers such that h, = 1 and 
h n+l < min(h+l , W4 (n = 1, 2,...). 
Put 
A* = 
/ 
fi (A, n [xo + h,,, , xo + W u 
1 i 
ij (A n bo - h, , xo - h 
?L=l n=1 
n+d!. 
We show that x0 is a point of density of A*, i.e. that 
m(A* n [xo , xo + 4)/l h I -+ 1 as h + 0. (6) 
It is clearly sufficient to consider positive h. 
Given any h in (0, l), there is an n such that h,,, < h < h, . Then 
MA* n PO , x0 + 4) 
> 4%+1 n [x0 + hn+2 , x0 + h,+J + 4% n [x0 + hn+I p x0 + 4) 
> l---- 
( 
’ h 
n+l ) n+1 
- hn+z + (1 - ;) h - An+, 
> 1-p 
( 
’ h 
nfl ) n+1 
- --!I-- h,+l + (1 - ;) h - h,+l 
n+l 
= (1 -$, h -&h,+, 
>(I-+)h-$h 
= (1 -;) h. 
This proves (6). 
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To prove the opposite inequality we first take A to be finite. Then, given 
any E > 0, the set 
{x E E :f(x) < A + E} 
has x0 as a point of density. For II = 1, 2,..., denote by & the set 
{XEE:f(x) <A + l/h}. 
Since 
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Next we prove that 
lim sup f(x) = /l. 
.x+x0 in A* 
(7) 
Asf(x) < d + l/n for x E A* n [x,, - h, , x,, + h,], we have 
lim sup f(X) < fl. 
x+s,, in A* 
However the opposite inequality follows from (5), since A* E &‘. Thus (7) 
holds. 
When A = - CO, the set A, is defined as 
{x E E :f(x) < - n} 
and the rest of the argument is practically unchanged. 
When (1 = co, then by (I), 
for every A E &‘. This completes the proof of (2) and (7) for all fl. 
(ii) It is shown in precisely the same way that (3) holds and that there 
exists a set B* E ~2 such that 
lim inf ap,f(x) = Xl~iinn*f(~). 
a!+7+ 0 
(iii) Now let A be any subset of A* in ~2. The upper limit in A at x,, 
does not exceed the upper limit in A*, and (2) therefore shows that the upper 
limits are equal. An analogous remark holds for lower limits. It follows that, 
if C = A* n B*, then, since C E Coe, (4) holds. 
COROLLARY 1. 
lim inf apf(x) < lim sup apf(x). 
x-q mxo 
This is an immediate consequence of (4). 
COROLLARY 2. The real number 1 is such that, for every c > 0, the set 
is in d, if and only if there exists a subset C of E in d such that f(x) -+ 1 as 
x + x0 in C. 
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Proof. Clearly E(E) E A? for every c > 0 if and only if I is equal to the 
approximate upper and the approximate lower limit off at xs . The result 
now follows from (1) and (4). 
Finally we remark that only for the sake of notational simplicity has the 
preceding discussion been confined to functions on subsets of RI. The exten- 
sion to Rn presents no essential difficulty. 
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